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Abstract
We study the question of whether stability is preserved under the operation of forming a continuous
field algebra. This is not necessarily true when the base space is infinite-dimensional. However, it is always
true when the base space is an n-cube or an n-torus, and when the continuous field algebra is σP -unital.
Specifically, we prove the following.
Theorem 0.1. LetA be a σP -unital separable maximal full algebra of operator fields with base space either
an n-cube X = [0,1]n or an n-torus X = Tn and fibre algebras {Ax}x∈X . IfAx is stable for all x ∈ X then
A is a stable C∗-algebra.
We also show that, under the same hypotheses, the corona factorization property is also preserved under
the formation of continuous field algebras.
Theorem 0.2. Let A be a σP -unital separable maximal full algebra of operator fields with base space
either an n-cube X = [0,1]n or an n-torus X = Tn and fibre algebras {Ax}x∈X . If Ax has the corona
factorization property for all x ∈ X then A also has the corona factorization property.
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Let K = K(H) be the C∗-algebra of compact operators on a separable infinite-dimensional
Hilbert space H . A C∗-algebra A is said to be stable if A⊗K ∼=A. Stability for C∗-algebras
is interesting from the point of view of the structure of C∗-algebras. For example, a unital sep-
arable simple C∗-algebra is purely infinite if and only if every nonzero hereditary subalgebra
contains a stable subalgebra [22, Proposition 5.2]. Stability is also interesting for other rea-
sons. Among other things, the K0 group of a C∗-algebra C is built up from the (equivalence
classes of) projections in the stabilization C ⊗K (moving up matrices allows us to define addi-
tion on (not necessarily orthogonal) projections—thus giving us a semigroup structure on K0(C),
etc.).
It is interesting to study the permanence properties of stability—i.e., preservation of stability
under various operations. The study of this question has lead to insights into the structure theory
and K-theory (especially extension theory) of C∗-algebras.
Firstly, Hjelmborg and Rørdam have shown that stability is preserved under a large number
of operations [9]. The C∗-inductive limit of a sequence of separable stable C∗-algebras is stable
[9, Corollary 4.1]. If B ⊆ A is an inclusion of separable C∗-algebras such that B contains an
approximate unit forA, then if B is stable thenA is stable [9, Proposition 4.4]. Crossed products
of separable stable C∗-algebras by discrete groups are stable [9, Corollary 4.5]. IfA is a separable
stable C∗-algebra, then every ideal of A and every quotient of A is stable [22, Corollary 2.3(ii)].
On the other hand, stability is not closed under other quite natural operations. For example,
the extension of a separable stable C∗-algebra by a separable stable C∗-algebra need not give a
stable extension algebra. Specifically, in [20], Rørdam constructed an exact sequence of the form
0 → C(X) ⊗K→ E →K→ 0
such that the extension algebra E is not a stable C∗-algebra. We note that in this example, X =∏∞
i=1 S2 is an infinite Cartesian product of spheres (an infinite-dimensional space; actually, one
can achieve a counterexample with an infinite Cartesian product of circles (the infinite torus) but
spheres are technically easier to deal with. Rørdam’s argument in [20] uses the fact that S2 has
a vector bundle with nonzero Euler class (and hence no trivial vector subbundle) and the fact
that S2 has torsion-free cohomology [20,21]; since the 2-torus S1 × S1 (the Cartesian product
of two circles) also has these properties, we can (in Rørdam’s arguments) replace the sphere
by the 2-torus; hence, we can replace the infinite Cartesian product of spheres by the infinite
Cartesian product of circles). We also note that this example is also interesting from the point of
view of extension theory since it gives an example of an extension of C(X) ⊗K by K that fails
the generalized Pimsner–Popa–Voiculescu theorem; i.e., it gives an example of a homogeneous
extension of C(X) ⊗K by K which is not an absorbing extension (see [10,18]).
In still another direction, Rørdam gave an example showing that stability is not a stable prop-
erty for C∗-algebras [19]. More precisely, we note that if A is a stable C∗-algebra then for every
integer n 1, Mn(A) is also stable. Rørdam showed that the opposite need not hold. In particu-
lar, in [19], Rørdam gave an example of a simple σP -unital AH -algebra A with cancellation of
projections such thatA is not stable but M2(A) is stable. Hence, stability is not a stable property;
and the construction of Rørdam actually gives examples of new C∗-algebras with new and rather
difficult (though interesting) phenomenon.
Another question in the same spirit which has not been studied is whether stability is preserved
under the formation of continuous field algebras. In other words, if all the fibres in a continu-
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to this question is necessarily no in general (in particular, no for certain infinite-dimensional
base spaces). In [10, Section 3], there is an example of a maximal full algebra A of operator
fields with base space X being the countably infinite Cartesian product of 2-spheres and fibres
being the compact operators such that A is not stable. (In slightly more detail, A has the form
P(C(X) ⊗K)P where P is a (“infinite rank”) projection in the multiplier algebraM(C(X)⊗K)
such that P never contains a trivial vector bundle over X. Also, once more, one can use the infi-
nite torus (infinite Cartesian product of circles) instead of an infinite Cartesian product of spheres;
similar arguments involving Euler class and torsion-free cohomology are used.) The construction
in [10] depends on the fact that X is an infinite-dimensional topological space.
Hence, the natural question to ask is the following.
Question 1.1. Let A be a separable maximal full algebra of operator fields with finite-
dimensional base space and stable fibre algebras. Then is A a stable C∗-algebra?
We answer the above question for the case where the base space is either an n-cube or an n-
torus and whereA is assumed to be σP -unital. Recall that a C∗-algebraA is said to be σP -unital
if A has a countable approximate unit consisting of projections.
Theorem 1.2. Let A be a separable σP -unital maximal full algebra of operator fields with base
space either an n-cube or an n-torus. Then if every fibre algebra of A is stable then A is stable.
We next study the related question of whether the corona factorization property is preserved
under the formation of continuous field algebras.
Definition 1.1. Let A be a separable stable C∗-algebra. Then A is said to have the corona fac-
torization property if every norm full projection in M(A) is Murray–von Neumann equivalent
to 1M(A).
By a norm-full element of M(A), we mean an element that is not contained in any proper
ideal of M(A) (in the literature, one often uses “full” instead of “norm-full”).
Many “nice” C∗-algebras have the corona factorization property. For example, if A is a sep-
arable stable simple C∗-algebra with real rank zero, stable rank one and weak unperforation,
thenA has the corona factorization property. IfA is a simple separable stable purely infinite C∗-
algebra then A has the corona factorization property. If A is a separable stable type I C∗-algebra
with finite decomposition rank (in particular, ifA has the form C(X)⊗K for a finite-dimensional
compact metric space X) then A has the corona factorization property (see [10,16]).
The corona factorization property first arose in studies of extension theory (specifically, the
theory of absorbing extensions). Among other things, it says that A has lots of absorbing ex-
tensions and leads to interesting uniqueness theorems as well as a clean characterization of
KK-theory (see [10,16]). These aspects have recently been useful in the classification of purely
infinite C∗-algebras with a unique (nontrivial) ideal, as well as the classification of certain in-
teresting C∗-algebras coming from symbolic dynamical systems (see [2,5,6,11,16,23] and the
references therein).
The corona factorization property also gives interesting information about the structure and
stability of C∗-algebras. Among other things, it rules out the two types of pathological coun-
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the following (see [12,16]).
Theorem 1.3. Let B be a separable stable C∗-algebra with the corona factorization property.
Then every extension of B (where B is the ideal), by a separable stable C∗-algebra, has a stable
extension algebra.
Hence, if the ideal in an exact sequence (extension) has the corona factorization property, then
the type of pathological example constructed by Rørdam in [20] (and mentioned above already)
cannot possibly occur. Moreover, under appropriate hypotheses, we actually have a converse (see
[12,16]).
Theorem 1.4. Let B be a separable simple stable C∗-algebra with real rank zero and cancella-
tion. Then the following are equivalent:
(a) B has the corona factorization property.
(b) Every extension of B (where B is the ideal), by a separable stable C∗-algebra, gives a stable
extension algebra.
Next, the corona factorization property also rules out the second type of counterexample men-
tioned above (and constructed by Rørdam in [19]). The following is found in [12].
Theorem 1.5. Let B be a separable stable C∗-algebra. Then the following are equivalent:
(1) B has the corona factorization property.
(2) Let D be a full hereditary subalgebra of B. Suppose that there exists an integer n 1 such
that Mn(D) is stable. Then D must be stable.
Hence, the corona factorization property is exactly equivalent to stability being a stable prop-
erty for full hereditary subalgebras.
In light of these results, it is interesting to ask whether or not the corona factorization property
is preserved by the formation of continuous fields. Once more, there is a counterexample in the
case where the base space is infinite-dimensional. In particular, the same counterexample (as that
for stability) from the last section of [10] (the one with base space being the infinite Cartesian
product of spheres and fibre algebras being the compact operators) is also a counterexample for
the preservation of corona factorization under continuous field algebras. More precisely, if X is
the infinite Cartesian product of spheres then C(X) ⊗K is a continuous field algebra with each
fibre being isomorphic to the algebra K of compact operators, but C(X) ⊗K does not have the
corona factorization property. (We note that the algebra K of compact operators has the corona
factorization property (see [11,16]). Also, once more, we can replace X by an infinite Cartesian
product of circles; and once more, this is because the arguments rest on nonzero Euler class of
certain vector bundles and torsion-free cohomology of the appropriate topological spaces.)
However, we have a result when we assume that the base space (of the continuous field alge-
bra) is a certain type of finite-dimensional topological space. Using our theorem for the case of
stability, we have a result under the same hypotheses.
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space being either an n-cube or an n-torus. Then if every fibre algebra of A is a stable C∗-
algebra with the corona factorization property, then A is a stable C∗-algebra with the corona
factorization property.
We end this introduction with an example. Let HZ3 be the discrete Heisenberg group and let
C∗(HZ3 ) be the universal C∗-algebra of HZ3 . C∗(HZ3 ) is a unital maximal full algebra of opera-
tor fields with base space being the circle and fibre algebras being the rotation algebras (above
a rational point, there is a rational rotation algebra; above an irrational point, there is an irra-
tional rotation algebra; see, for example, [14]). Then the stabilization C∗(HZ3 )⊗K is a maximal
full algebra of operator fields with base space the being the circle and fibre algebras being the
stabilizations of the rotation algebras. By [10,11], the stabilization of a rotation algebra has the
corona factorization property. Hence, by Theorem 1.6, C∗(HZ3 )⊗K has the corona factorization
property.
The work of this paper was completed in Fall 2005 at the University of Muenster. We gave
talks on the subject matter of this paper in the early part of 2006 at the Fields Institute, at the
Canadian Operator Symposium 2006, and at the Texas A and M workshop on linear analysis
and probability 2006. We submitted this paper to the Journal of Functional Analysis in June
2006. After this paper was finished, we learned of the very interesting related work of Hirshberg,
Rørdam and Winter [8]. Among other things, in [8], Question 1.1 is answered positively. Also,
as a consequence of the positive solution to Question 1.1, in our Theorem 3.3, the special base
spaces could be replaced by an arbitrary compact Hausdorff topological space with finite cover-
ing dimension, and the condition of σP -unitality can be dropped; the proof is the same as that of
Theorem 3.3, modulo minor changes.
Finally, we note that there has been much recent activity in the classification of continuous
field algebras where the fibre algebras are in a class that has already been classified [3,4].
2. Stability
For the convenience of the reader, we first recall the definition and some basic facts about
maximal full algebras of operator fields. Let X be a locally compact Hausdorff space, and for
each x ∈ X, let a C∗-algebra Ax be given. A function f on X such that f (x) ∈Ax for all x ∈ X
is called an operator field.
Definition 2.1. A full algebra of operator fields on X (with values in {Ax}x∈X) is a ∗-algebra A
of operator fields on X such that:
(a) the function x 	→ ‖f (x)‖ is continuous on X and vanishes at infinity for all f ∈A;
(b) for each x ∈ X, the set {f (x): f ∈A} is dense in Ax ; and
(c) A is complete with respect to the norm ‖f ‖ =df sup{‖f (x)‖: x ∈ X}.
A full algebra of operator fields is said to be maximal if it is not properly contained in any full
algebra of operator fields with the same base space and fibre algebras.
We note that it follows, from the above definition, that a full algebra of operator fields (and
hence, a maximal full algebra of operator fields) is always a C∗-algebra.
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[7, Lemma 1.7 and the corollary of Theorem 1.4] (see also [13, Proposition 1]).
Proposition 2.1. Let A be a full algebra of operator fields with base space X and fibre algebras
{Ax}x∈X . Then the following statements are equivalent:
(a) A is maximal;
(b) for every x, y ∈ X such that x = y and for every a1 ∈ Ax and every a2 ∈ Ay , there exists
f ∈A such that f (x) = a1 and f (y) = a2;
(c) for any complex-valued bounded continuous function h on X and for every f ∈A, the oper-
ator field x 	→ h(x)f (x) is an element of A;
(d) if g is an operator field vanishing at infinity such that the function x 	→ ‖f (x) − g(x)‖ is
continuous for all f ∈A, then g ∈A.
We will need the following perturbation lemma for partial isometries which follows from
standard spectral theory arguments (see, for example, the proof of [25, Lemma 5.1.6]).
Lemma 2.2. For every  > 0, there exists δ > 0 such that the following holds. Let B be a C∗-
algebra and let a ∈ B. Suppose that ‖a‖ 1 and a is within δ of aa∗a. Then there is a partial
isometry v ∈ B such that:
(a) the initial and range projections of v are contained in the initial and range projections of a
respectively;
(b) v is within  of a; and
(c) if π : B→ C is a ∗-homomorphism such that π(a) is a partial isometry then π(v) = π(a).
We will also need the following perturbation lemma for unitaries which also follows from
standard spectral theory arguments (see, for example, the proof of [25, Proposition 4.2.4]).
Lemma 2.3. Let C be a unital C∗-algebra and u a unitary in C such that ‖u − 1C‖ < δ < 1/4.
Then there exists a norm-continuous path {ut }t∈[0,1] of unitaries in C such that ‖ut − 1C‖ < δ for
all t ∈ [0,1], u0 = u and u1 = 1C .
Finally, we need the following perturbation lemma for projections (with precise estimates)
which can be found in, say, [15, Lemma 2.5.1].
Lemma 2.4. Let C be a unital C∗-algebra and let p,q be projections in C such that ‖p−q‖ < 1.
Then there is a unitary u ∈ C such that p = uqu∗ and ‖u− 1C‖
√
2‖p − q‖.
Recall that a C∗-algebra A is said to be σP -unital if it has a countable approximate unit
consisting of projections. The following characterization of stability for σP -unital C∗-algebras
is due to Hjelmborg and Rørdam (see [9, Theorem 3.3]).
Theorem 2.5. LetA be a σP -unital C∗-algebra. ThenA is stable if and only if for each projection
p ∈A there is a projection q ∈A such that p is orthogonal to q and p is Murray–von Neumann
equivalent to q .
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algebra of operator fields) is the unit interval.
Theorem 2.6. Let A be a separable σP -unital maximal full algebra of operator fields over the
base space [0,1] (the unit interval) and fibre algebras {Ax}x∈[0,1]. IfAx is stable for all x ∈ [0,1]
then A is stable.
Proof. Towards applying Theorem 2.5, let p be a projection inA. We will construct a projection
in A that is both orthogonal and Murray–von Neumann equivalent to p.
For each x ∈ X,Ax is a stable and σP -unital C∗-algebra. Hence, for each x, let vx be a partial
isometry in Ax with initial projection p(x) and range projection orthogonal to p(x). Now take
 > 0 to be a positive real number strictly less than 1/100. Apply Lemma 2.2 to  to get a positive
real number δ > 0. We may also assume that δ < 1/100.
Now by Proposition 2.1, for each x ∈ X, let y 	→ vx(y) be an operator field in A such that
vx(x) = vx . We may assume that ‖vx(y)‖ 1 for all x ∈ X. Since for each x ∈ X,
(i) y 	→ ‖vx(y)∗vx(y) − p(y)‖,
(ii) y 	→ ‖p(y)vx(y)‖, and
(iii) y 	→ ‖vx(y)vx(y)∗vx(y) − vx(y)‖
are all continuous real valued functions on X, we can find an open neighbourhood Ox (say an
open interval in [0,1]) of x such that for all y ∈ Ox (the closure of Ox ),
(i′) ‖vx(y)∗vx(y) − p(y)‖ < δ,
(ii′) ‖p(y)vx(y)‖ < δ, and
(iii′) ‖vx(y)vx(y)∗vx(y) − vx(y)‖ < δ.
Let us collectively denote the above conditions by (∗). Now {Ox : x ∈ X} is an open cover of the
unit interval [0,1]. Hence, since [0,1] is compact, let {x1, x2, . . . , xn} be a finite subset of [0,1]
such that {Oxi : 1 i  n} covers [0,1]. For simplicity and contracting intervals if necessary, we
assume that n = 2, Ox1 = [0, b′), and Ox2 = (a,1] where 0 < a < b′ < 1. (The proof for multiple
intervals is an iteration of the argument for two intervals.)
For i = 1,2, consider the restricted continuous field algebras A|Oxi . (A|Oxi is a maximal full
algebra of operator fields with base space Oxi . It consists of the restrictions, to Oxi , of operator
fields fromA.) The restricted operator fields vxi |Oxi and p|Oxi satisfy all the properties of vxi and
p in (∗). Hence, by Lemma 2.2, if wi is the partial isometry in the polar decomposition of vxi |Oxi
then wi ∈A|Oxi and wi is within  of vxi |Oxi . Hence, (wi)
∗wi is within 2 of (vxi |Oxi )
∗vxi |Oxi .




∥< 2 + δ < 3/50. (∗∗)
Thus, (wi)∗wi is Murray–von Neumann equivalent to p|Oxi in A|Oxi . But from (∗)(ii
′),
‖p|Oxi wi‖ <  + δ < 1/50. So ‖p|Oxi wi(wi)
∗‖ < 1/50. Hence,
∥∥(1 − p|O )wi(wi)∗(1 − p|O ) − wi(wi)∗
∥∥< 3/50. (∗∗∗)xi xi
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∥∥(1 − p|Oxi )wi(wi)
∗(1 − p|Oxi ) −
(
(1 − p|Oxi )wi(wi)
∗(1 − p|Oxi )
)2∥∥< 2/25. (∗∗∗∗)
From (∗∗∗), (∗∗∗∗) and [25, Lemma 5.1.6], there is a projection pi ∈ (1 − p|Oxi )A|Oxi ×
(1 −p|Oxi ) such that pi is within 11/50 of wi(wi)
∗
. From this, (∗∗) and [25, Proposition 5.2.6],
pi is Murray–von Neumann equivalent to p|Oxi in A|Oxi . Hence, pi is a projection in A|Oxi
which is orthogonal to p|Oxi but also Murray–von Neumann equivalent to p|Oxi for i = 1,2.
Lift pi to a norm one element in A. For simplicity, we also denote this lifting by pi . Note
though that pi need not be a projection inA (since pi need not be a projection outside of the Oxi ).
But this will not affect us much. Also, let vi be an element in A with norm less than or equal to
one such that vi |Oi is a partial isometry in A|Oi with initial projection p|Oi and range projec-
tion pi . We now construct by recursion a sequence {v1,k}∞k=1 of partially defined operator fields
(i.e., only defined on a subset of [0,1]) and a sequence {yk}∞k=1 of strictly increasing points in
the nonempty open interval (a, b′) such that:
(a) {yk}∞k=1 converges to a point in (a, b′);
(b) for each k, v1,k is defined as an operator field and a partial isometry on [0, yk]; moreover, for
each x ∈ [0, yk], v1,k has initial projection p(x) and range projection orthogonal to p(x);
(c) v1,1 = v1|[0,y1] and for k′  k, the restriction of v1,k to [0, yk′ ] is the same as v1,k′ ; and
(d) for each k  3 and for all y ∈ [yk−1, yk], v1,k(y) is within 1/2k of v2(y).
We collectively denote the above conditions by (+).
Let b0 be a point in [0,1] such that a < b0 < b′. We will do our construction on (a, b0]. The
construction will be by recursion on k.
Basis steps k = 1, k = 2 and k = 3. Firstly, take y1 to be any point in (a, b0) and take v1,1 =
v1|[0,y1].
We now construct v1,2 and y2. Let p1,1(y1) be the projection in Ay1 that is given by
p1,1(y1) =df v1,1(y1)∗v1,1(y1). By [22, Corollary 2.3(iii)], since Ay1 is stable, so is (1 −
p(y1))Ay1(1−p(y1)). Hence, there must be a path {ut }t∈[0,1] of unitaries in (1−p(y1))Ay1(1−
p(y1)) such that u0 = 1 − p(y1) and u1p1,1(y1)(u1)∗ = p2(y1). Now consider the norm-
continuous path {utv1,1(y1)}t∈[0,1] of partial isometries in Ay1 . Note that u0v1,1(y1) = v1,1(y1)
and u1v1,1(y1) has initial projection p(y1) and range projection p2(y1) which is also the
case for the partial isometry v2(y1). Hence, u1v1,1(y1)v2(y1)∗ is a partial isometry with
both initial and range projection being p2(y1). In other words, u1v1,1(y1)v2(y1)∗ is a uni-
tary in p2(y1)Ay1p2(y1). Hence, by the same argument as that of [25, Theorem 4.2.9],
w =df diag(u1v1,1(y1)v2(y1)∗, v2(y1)v1,1(y1)∗(u1)∗), is homotopic to p2(y1) ⊕ p2(y1) in
M2(p2(y1)Ay1p2(y1)). Hence, let {wt }t∈[0,1] be a path of unitaries in M2(p2(y1)Ay1p2(y1))
such that w0 = w and w1 = p2(y1) ⊕ p2(y1). Hence, let {at }[0,1] be a norm-continuous path of
partial isometries in Ay1 given by
(i) at = u2t v1,1(y1) for t ∈ [0,1/2], and
(ii) at = w2t−1 diag(v2(y1),0) for t ∈ [1/2,1].
Hence, {at }t∈[0,1] is a norm-continuous path of partial isometries in Ay1 such that:
(a) a0 = v1,1(y1),
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(c) at has initial projection p(y1) and range projection orthogonal to p(y1) for all t ∈ [0,1].
Next, construct a continuous field algebraA′ = C∗([0,1], {C[0,1]⊗Ax}x∈[0,1],F) with base
space [0,1] and fibre algebras {C[0,1] ⊗ Ax}x∈[0,1]. The continuity structure F is given by
F =df {h ⊗ f : h ∈ C[0,1] and f ∈A}. It is not hard to check that F satisfies the axioms of a
continuity structure (see [7, 1.1]) and we take A′ to be the corresponding maximal full algebra
of operator fields.
By the definition of maximal full algebra of operator fields, there must be an element g ∈A′
such that ‖g‖ 1 and g(y1) = {at }t∈[0,1]. Replacing g(.) by (1 − p)g(.)p if necessary, we may
assume that (1−p)g = g and gp = g. (Here, 1 is the unit adjoined toA. Also, we are identifying
each element x 	→ f (x) in A with the element x 	→ 1C[0,1] ⊗ f (x) in A′.)
In Lemma 2.2, put  = 1/100 to get a positive real number δ1 (δ1 is the δ in Lemma 2.2).
We may assume that 0 < δ1 < 1/100. Now the functions x 	→ ‖g(x)g(x)∗g(x) − g(x)‖, x 	→
‖g(x)∗g(x) − p(x)‖ and x 	→ ‖p(x)g(x)‖ are all continuous real-valued functions on [0,1].
(Here again, we are identifying each element x 	→ f (x) in A with the element x 	→ 1C[0,1] ⊗
f (x) in A′.) Also, the operator field x 	→ g(x)(1) is an element of A. Hence, the function x 	→
‖g(x)(1) − v2(x)‖ is also a continuous function on [0,1].
Hence, let y2 be a point in [0,1] with y1 < y2 < b0 such that:
(1) ‖g(x)g(x)∗g(x) − g(x)‖ < δ1 for all x ∈ [y1, y2],
(2) ‖g(x)∗g(x) − p(x)‖ < 1/100 for all x ∈ [y1, y2],
(3) ‖g(x)(1) − v2(x)‖ < 1/100 for all x ∈ [y1, y2].
Now restricting all the operator fields to [y1, y2], the above inequalities are also true for
g|[y1,y2] and v2|[y1,y2] in A′|[y1,y2] and A|[y1,y2]. Hence, apply Lemma 2.2 to g|[y1,y2] to get a
partial isometry b in A′|[y1,y2]. Moreover, we have the following:
(a) b is within 1/100 of g|[y1,y2]. Hence, b(x)(1) is within 1/50 of v2(x) for all x ∈ [y1, y2].
(b) b(y1) = {at }t∈[0,1].
(c) ‖b(x)∗b(x) − p(x)‖ < 3/100 for all x ∈ [y1, y2].
Since the initial projection of b(x) is contained in p(x) for all x ∈ [y1, y2], (c) implies that
the initial projection of b(x) is actually p(x) for all x ∈ [y1, y2]. Also, since we assumed that
(1 − p)g = g, the range projection of b(x) is orthogonal to p(x) for all x ∈ [y1, y2]. Hence, we
can take v1,2 ∈A|[0,y2] to be defined as follows:
(1) v1,2(x) = v1,1(x) for x ∈ [0, y1] and
(2) v1,2(x) = b(x)((x − y1)/(y2 − y1)) for x ∈ [y1, y2].
v1,2 and y2 satisfy the conditions in (+) for k = 2.
Now we do the basis step k = 3; i.e., we construct v1,3 and y3 (and this will complete
the basis step). Parts of this step are similar to the basis step k = 2 but we now addition-
ally require that ‖v1,3(x) − v2(x)‖ < 1/8 for all x ∈ [y2, y3] (condition (d) of (+))). Since
v1,2(y2) = b(y2)(1), ‖v1,2(y2) − v2(y2)‖ < 1/50. Hence, ‖v1,2(y2)(v1,2(y2))∗ − p2(y2)‖ <
1/25. (Recall that p2(y2) = v2(y2)(v2(y2))∗.) Hence, by Lemma 2.4, let u′ be a unitary in
C(1 − p(y2)) + (1 − p(y2))Ay2(1 − p(y2)) such that ‖u′ − (1 − p(y2))‖ <
√
2/25 < 2/25 and
u′v1,2(y2)(v1,2(y2))∗(u′)∗ = p2(y2). By Lemma 2.3, let {u′t }t∈[0,1] be a norm continuous path of
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and ‖u′t − (1−p(y2))‖ < 2/25 for t ∈ [0,1]. Note that for all t ∈ [0,1], ‖u′t v1,2(y2)−v2(y2)‖
‖u′t v1,2(y2) − v1,2(y2)‖ + ‖v1,2(y2) − v2(y2)‖ < 2/25 + 1/50 = 5/50 = 1/10 for all t ∈ [0,1].
Note that both u′v1,2(y2) and v2(y2) are partial isometries in Ay2 with initial projection
p(y2) and range projection p2(y2). Moreover, ‖u′v1,2(y2) − v2(y2)‖ < 1/10. Hence, w′ =df
u′v1,2(y2)(v2(y2))∗ is a unitary in p2(y2)Ay2p2(y2) such that ‖w′ − p2(y2)‖ < 1/10. Hence,
by Lemma 2.3, let {w′t }t∈[0,1] be a norm-continuous path of unitaries in p2(y2)Ay2p2(y2) such
that w′0 = w′, w′1 = p2(y2) and ‖w′t − p2(y2)‖ < 1/10 for all t ∈ [0,1]. (In particular, note that‖w′t v2(y2)−v2(y2)‖ < 1/10 for all t ∈ [0,1].) Hence, let {ct }t∈[0,1] be the norm-continuous path
of partial isometries in Ay2 given by:
(i) ct = u′2t v1,2(y2) for t ∈ [0,1/2], and
(ii) ct =df w′2t−1v2(y2) for t ∈ [1/2,1].
Hence, {ct }t∈[0,1] is a norm-continuous path of partial isometries in Ay2 such that:
(a) c0 = v1,2(y2),
(b) c1 = v2(y2),
(c) ct is a partial isometry with initial projection p(y2) and range projection orthogonal to p(y2)
for all t ∈ [0,1], and
(d) ‖ct − v2(y2)‖ < 1/10 for all t ∈ [0,1].
As in the basis step k = 2, we move up to the maximal full algebra of operator fields A′ =
C∗([0,1], {C[0,1]⊗Ax}x ∈ [0,1],F) (sameA′ as before). SinceA′ is a maximal full algebra of
operator fields, let h ∈A′ be such that ‖h‖ 1 and h(y2) = {ct }t∈[0,1]. Replacing h by (1−p)hp
if necessary, we may assume that (1 − p)h = h and hp = h.
Put  = 1/(1002) = 1/10000 into Lemma 2.2 to get a positive real number δ2. (δ2 is the δ in
Lemma 2.2.) We may assume that 0 < δ2 < 1/10000. Now the functions x 	→ ‖h(x)h(x)∗h(x)−
h(x)‖, x 	→ ‖h(x)∗h(x) − p(x)‖, x 	→ ‖p(x)h(x)‖, x 	→ ‖h(x)(1) − v2(x)‖ and x 	→ ‖h(x) −
v2(x)‖ are all continuous functions on [0,1]. (Here, once more, whenever necessary, we identify
an operator field x 	→ f (x) in A with the operator field x 	→ 1C[0,1] ⊗ f (x) in A′.)
Hence, let y3 be a point in [0,1] with y2 < y3 < b0 such that:
(1) ‖h(x)h(x)∗h(x) − h(x)‖ < δ2 for all x ∈ [y2, y3],
(2) ‖h(x)∗h(x) − p(x)‖ < 1/10000 for all x ∈ [y2, y3],
(3) ‖h(x) − v2(x)‖ < 1/10 for all x ∈ [y2, y3], and
(4) ‖h(x)(1) − v2(x)‖ < 1/10000 for all x ∈ [y2, y3].
Now restricting all the operator fields to [y2, y3], the above inequalities are also true for
h|[y2,y3] and v2|[y2,y3] in A′|[y2,y3] and A|[y2,y3]. Hence, apply Lemma 2.2 to h|[y2,y3] to get a
partial isometry d in A′|[y2,y3]. Moreover, we have the following:
(a) d is within 1/10000 of h|[y2,y3]. Hence, d(x)(1) is within 1/5000 of v2(x) for all x ∈ [y2, y3],
(b) d(y2) = {ct }t∈[0,1],
(c) d(x) is within 1001/10000 < 1/8 of v2(x) for all x ∈ [y2, y3],
(d) ‖d(x)∗d(x) − p(x)‖ < 3/10000 for all x ∈ [y2, y3].
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initial projection of d(x) is actually p(x) for x ∈ [y2, y3]. Also, since we assumed that (1 −
p)h = h, the range projection of d(x) is orthogonal to p(x) for all x ∈ [y2, y3]. Hence, we can
take v1,3 to be defined as follows:
(1) v1,3(x) = v1,2(x) for x ∈ [0, y2],
(2) v1,3(x) = d(x)((x − y2)/(y3 − y2)) for x ∈ [y2, y3],
v1,3 and y3 satisfy the conditions in (+).
For the induction step, moving from k to k + 1, the proof is similar to the basis step k = 3, but
(to construct v1,k+1) we replace v1,2 by v1,k ; replace y2 by yk ; and replace 1/1002 = 1/10000
by 1/1003 = 1/1000000. Everything else is exactly the same (modulo minor modifications).
Hence, we have constructed sequences {v1,k}∞k=1 and {yk}∞k=1 satisfying the conditions of (+).
Since {yk}∞k=1 is a bounded increasing sequence, it converges to, say, y∞ in [0, b0]. We now
define an operator field V as follows:
(a) V (x) = v1,1(x) for x ∈ [0, y1],
(b) V (x) = v1,k(x) for x ∈ [yk−1, yk],
(c) V (x) = v2(x) for x ∈ [y∞,1].
Using Proposition 2.1, one can check that V is an element ofA. Hence, V is a partial isometry
in A with initial projection p and range projection orthogonal to p. Since p is an arbitrary
projection in A, it follows, by Theorem 2.5, that A is a stable C∗-algebra. 
To move from intervals to arbitrary n-cubes, we need a theorem due to Lee. For a C∗-alge-
bra C, let Prim(C) denote the primitive ideal space of C, equipped with the hull-kernel topology. If
A is a maximal full algebra of operator fields with base space X and with fibre algebras {Ax}x∈X ,
then for x ∈ X and Px ∈ Prim(Ax), P˜x =df {a ∈A: a(x) ∈ Px} is an element of Prim(A). More-
over, by [24, Lemma 1.1], every element of Prim(A) is of this form. The following theorem of
Lee is [13, Theorem 4].
Theorem 2.7. Let A be a separable maximal full algebra of operator fields with base space X
and fibre algebras {Ax}x∈X . Then the mapping P˜x 	→ x is a continuous open surjection from
Prim(A) onto X. Conversely, if A is a separable C∗-algebra such that there is a continuous
open surjection π from Prim(A) onto some Hausdorff topological space X, then X is locally
compact and A is ∗-isomorphic to a maximal full algebra of operator fields with base space X
and fibre algebras {A/Ix}x∈X , where Ix =df ⋂π−1(x).
We are now in the position to prove the theorem for arbitrary finite-dimensional cubes.
Theorem 2.8. Let A be a separable σP -unital maximal full algebra of operator fields with base
space the n-cube [0,1]n and fibre algebras {Ax}x∈X . If Ax is stable for all x ∈ [0,1]n then A is
stable.
Proof. We prove the theorem by induction on n. The basis step n = 1 is Theorem 2.6.
So suppose that the theorem is true for n. We now try to prove it for n + 1. So suppose
that A is a maximal full algebra of operator fields with base space [0,1]n+1 and fibre algebras
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rem 2.7. Hence, by Theorem 2.7, for each x, Ax ∼=A/Ix where Ix =df ⋂π−1(x).
Now consider the map ρ : [0,1]n+1 → [0,1]n which is the natural projection onto the first n
coordinates. Hence, ρ is a continuous open surjection. Hence, the composition ρ ◦π : Prim(A) →
[0,1]n is a continuous open surjection. Hence, by Theorem 2.7, A can be realized as a maximal
full algebra of operator fields with base space [0,1]n and fibre algebras, say, {Bt }t∈[0,1]n .
For each t ∈ [0,1]n, the fibre algebra Bt can be realized as a maximal full algebra of oper-
ator fields with base space ρ−1(t) = {t} × [0,1] and fibre algebras {Ax}x∈{t}×[0,1]. (By Lee’s
Theorem, Bt is isomorphic to A/I where I =⋂(ρ ◦ π)−1(t). Using this fact, one can construct
the natural continuous open surjection from Prim(Bt ) onto {t} × [0,1].) Since the base space of
this continuous field decomposition (of Bt ) is the interval [0,1] and since the fibre algebras are
stable, it follows, by Theorem 2.6, that Bt is a stable C∗-algebra.
Since A can be realized as a maximal full algebra of operator fields over [0,1]n with stable
fibre algebras Bt , it follows, by the induction hypothesis, thatAmust be a stable C∗-algebra. 
We note that the arguments for Theorem 2.8 (and Theorem 2.6) would also work if we re-
placed the n-cube by the n-torus (and replaced the interval by the circle). Hence, we also have
the following theorem.
Theorem 2.9. Let A be a separable σP -unital maximal full algebra of operator fields with base
space the n-torus Tn and fibre algebras {Ax}x∈Tn . IfAx is stable for all x ∈ Tn thenA is stable.
3. The corona factorization property
In this section, we show that the corona factorization property is also preserved under the
operation of forming continuous field algebras when the base space is an n-cube or an n-torus.
Towards this, we need the following theorem which is [1, Theorem 4.23].
Theorem 3.1. Let B be a separable stable C∗-algebra and let P be a projection in M(B) (the
multiplier algebra of B). Then PBP is a stable full hereditary subalgebra of B if and only if P
is Murray–von Neumann equivalent to 1M(B).
We note that Theorem 3.1 provides a characterization of the corona factorization property.
Specifically, for a separable stable C∗-algebra B, B having the corona factorization property is
equivalent to the following statement: if P is a norm full projection in M(B) then PBP is a
stable full hereditary subalgebra of B.
We also need a lemma about the multiplier algebra of a continuous field algebra, which is [13,
Lemma 2].
Lemma 3.2. Let A be a maximal full algebra of operator fields with base space X and fibre
algebras {Ax}x∈X . Let M be the set of all functions m on X such that m(x) ∈M(Ax) for all
x ∈ X (here M(Ax) is the multiplier algebra of Ax ) and such that the operator fields x 	→
m(x)a(x) and x 	→ a(x)m(x) are in A for all a ∈A. Then:
(a) for any m ∈M, the function x 	→ ‖m(x)‖ is a bounded function on X, and M is a C∗-
algebra under the pointwise operations and supremum norm; and
(b) M is ∗-isomorphic to M(A), the multiplier algebra of A.
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space either an n-cube X = [0,1]n or an n-torus X = Tn and with fibre algebras {Ax}x∈X .
Suppose that for every x ∈ X, Ax is a stable C∗-algebra with the corona factorization property.
Then A is a stable C∗-algebra with the corona factorization property.
Proof. That A is a stable C∗-algebra follows from Theorems 2.8 and 2.9.
Now suppose that P is a norm-full projection in the multiplier algebra M(A). Then PAP is
a full hereditary subalgebra of A.
Now by Lemma 3.2, for every x ∈ X, P(x) is a full projection in M(Ax). Hence, since Ax
has the corona factorization property (by hypothesis), P(x) is Murray–von Neumann equivalent
to 1M(Ax). Hence by Theorem 3.1, for every x ∈ X, P(x)AxP (x) is a stable full hereditary
subalgebra of Ax .
By Theorem 2.7, let π : Prim(A) → X be the continuous open surjection for the con-
tinuous field decomposition of A. By [17, Proposition 4.1.10], the map γ : Prim(A) →
Prim(PAP ) :J 	→ J ∩ PAP is a homeomorphism. Hence, π ◦ (γ−1) is a continuous open
surjection. Hence, by Theorem 2.7, PAP is a maximal full algebra of operator fields with
base space either X = [0,1]n or X = Tn and fibre algebras {P(x)AxP (x)}x∈X which are sta-
ble. Hence, by Theorems 2.8 and 2.9, PAP is a stable C∗-algebra. Hence, PAP is a stable
full hereditary subalgebra of A. Hence, by Theorem 3.1, P must be Murray–von Neumann
equivalent to 1M(A). Since P is an arbitrary full projection in M(A), A must have the corona
factorization property. 
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